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L ZtfTHDXMlCnON 


(homtuu: group theccy is a uew bcii InrcsUgaUng structures < 
ftccoxtrlr viewpoint. la tills rich! it a one cf the must Important blew* 
irately generated groups theinschv*-s as gcooktrlr ob)ectA called Cayley graphs. 

group thrcey Is related to a lot of mulhasoXX hchhc. V.c example. lew- 
hyperbolic geometry, algebra* topology. The quaal-kKimctry 
roups b wc ets one of the main research themes 
n groaetrlr group tlwory since a suggestion by Gram or la the 19MU. Hence, the 
study uf quasi-Isometry Invariant*, namely properties of spaces or groups that are 
a variant under quasi-Isometries. is wy important. In particular, the kUmi of 
GVrtmi* by^riohrilp is one of the quMPlsoaktry invariant* Furthermore. some 

from Gromov hvpcffbolkJty. l:*>r<*<rc. UivwUgaUng 
aid finitely generated groups are Gromov hyp«i*»bc or 
acx ks quite imncstaut i:t gcceretrlc group tlcory. 


For V > 1 and n > U. let N - A 

mfc 


lifv llhu* UKd 


boundary conipcueuts. Ine <»rvc jrajA l(*V) ce /* Is 
is the set of homrtopy clours of essential simple ckaed 
i and whose edges correspond to dls>>tnt curra. Curve graphs 
rtodv mapping, clssa group of surfaces, geometric iycup theory. 


lui. Ami 14. wit. 
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hyperbc^: geometry, and mca I2 this paper, we crauader a grap*h *1 a gsodcstf 
spa* m follow We set the length erf each edge to bo one. and the distance betwisu 
two vertices is the length of the shortest ©dgopath rcanrctbu; them A triangle 
foccxd by gobies* edge-paths 10 the graph call sich a trUi^V a ycWr*n 
tru*<b) has a kctnler (k £ U) if there exist* a vertex suth that the <Hl—re from 
it to rah side erf T la not more thau At. A louuoctcd graph is K 4i>pc*Acfsc if evwry 
Rtsxiesk tnangle It the graph Las a k-«*lci. We uf that a g;uph is (Oumov) 
AjpcrWie if It is k-hypcrl»olic for some k > 0. ami we rrdrr to auch a oxrtad k as 
a hyperbobclty ccustaut foe the gjaph. Botvins-Fuji wur*(!J Hist peend that £(A r ) 
la Gramm’ bjperfcolk. ami Masur-Schklmer[TO| gaw annihis prarf Uowrver. the 
uniform hyper boheity for curve graphs of non-arlcniabla surfotc* waa ujX k s*jwu. 
The main result of this paper b to prove the following 


IWrem 1.1. If CIS) u oxwrrteif. CAen tl is 17-Awvfhdui 


Let S - he an cclcntabic surtsc* of genua y > 0 wtlh u > II buuud- 
ary compccenLs. First. Masur-Minsky@ proved that rah rune graph £(S) of 
S b hvpcrhohr in 1WJ After their original proof, \nruwm other proofs of by- 
xrtchcilv for rune graphs of calculable surfaces mn given by several authors 
E*>wltrhQ* gave on upper bouid c* the bypcrlKihuty constant which depends on 
die gams and the number of boundary components In 3 >Xj. Another proof «us 
Oven by UomemsUdtfi Rocculy. Aougabp]. Bowdltchfl]. Clay-HahSchlciioerjRj. 
and lliaoei-Praytychl-WcbbfTj Independently proved that one can chxoc the L>- 
perhohdty constant* whkh <fo ntt depend cn the topcAogloal types of ocuiuhle 
turf*ecs In particular. 1 Ic usd-Przytyekl-WtbbQ slrnral that C(S) ta 17-h)pcrbolk 
by a cuwbinatceUl argument Ihe argumwC by lUnscd-Preytyckl-Wcbb sacs* to 
live an cptoum constant. 

We peove Theorem ITT] to applying: HnnseLPixytyefo-Webbs argument lu (TJ to 
die case of non-orientable airfares 

In E- thry also abewed that arc graphs of oricsbable surface arc 7-L>p<st>;«li;. 

VNVi tfovt a ttmilni result foe naa-atfcnUhk 


Theorem l.X Aq are fnpk A(M) of N o 7-Appertolm 

We also cotsodct arc-curve graphs The hypcrboliilty itx arc-curve graphs of 
orifsftahle surface va prcmsl by Korknn^Pupmfopouk*^ Corollar>’ lAj. The 
uniform hypesbalkJCy. however. was nc< shown We ata prove. 

1 In* 1:1 cm 1AL If a arc -curie ni^A AC{N) of N u ceaucrfof. then it u »- 
Agperbi^. 

By the same argument as we gyre in the psc-^ of Theorem O we pew the 
Wfowiug 


Theorem 11 If on orr-nrt* ^nmh of S a oMAcrfnf. rAen d u 9- 

AtfwrW*. 

In p]. for the coses wiwiv a. 6. and d ore vertices ol A(S) and where a. A. and d 
ore motes ri C(5). HaweLPraytyiihWVhb prmvd a gwdesic tnangk T-oWhus 
a 7-tenter ami a lie inter In icspictlvely. We ahow that a gaodcsk triangle 
T - aW has an Center for the cases where a b ivnt aUC(S) and A and d are 
notices of ,4{S). and where u and k are vista.es uf C (&* ami d b a verba of 
to prove Theuicss. H i\ 


mrooi'jLictrY r^a cuwv atur 
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oui ids* of the pmaf of TboarmjlM Fwt. in S^ttanQJwe 
i l c fi nn Mucurn tiftj and urucuMi fulA» hctwecm tv» aic* ci *V. wkfch arc dtUned 
axf7)fnr thrcasec* flrtfUhln surfaces One of the important properties of unicorn 
part* U Out they me paths iu each «k its apt -4(A r > of .V { Proposition O 

Sorood. show key l em mas related to unworn paths to peiwr Thnxeiu fI~T1 
Ihc particularly Important lemma states that these paths twin 1-okm trlaucks m 
M A') (Lemma (£3 

Finally. in SccttonQ tx abaw the foUartftg Re any spodaor triangle T - aW 
ax £(AT) (*, *. and d arc three vertices of C{ AT)). kt a. E. and J be three vertices 
af .4(N > which are ad>uxut to a, 6. and d In tb© arc-curve paph JC(N) ci N 
respectively Theft, the distance between the side uf T —ting a and 6 (rap. 
f> and d, d and a) and any unworn arc obtained from d ami l (rrwp E ami J. <? 
Hill 0) U at mast 8. Ihcre&tfc. we can peewe that TIimi M«ir In A£(#). 
I urtl»rrcx*c. we cemrtruxt a retraction r -4£(A’) * C(N). and show that r is 3- 
LpichitB {lemmaEH). When wc prove this. thac U a greatly difiernnt paid from 
die case of orkmtohk surface*. if an arc a goes through 'awacaps* cdl uturJxs 
af time*. then r<a) is “tensed.- After Lsvtn* premd this, we aer that a ft-amfer 
ax AflAT) of 7* Is mapped to a 17-center of T In C(*V>. This gives a proof of 

rhoirernim 


2. I’RISlMlMAflXXS 

A compact couaectcd naw-orsenfaUe sar/acc of gttxus y £ l with n > 0 tounlu y 
cimipomsit ft the connected sum of $ protective planes which ft removed n open 
dftka \S\? denote It by A’ - Note that iV Jt% ft hi— nmnrphk tu the surface 
obtained hoax a sphere by reamta* o n open dftbi and attaching o Mhhtns larnls 
aloutf tbdr bouudariM (sot the kft-hand side of Pftuie (T) We nprorx* ts’, n us 
a apbese with 9 rsossosps and n boundary* ccanponcnts (see the right-hand side of 
Htfiue 0. We sientlfi autlpodal paint* of each periphery of a aewwap. 



Au uc u uu iV U properly rmUddol If Oa C OJi and a ft to—ul to ON. An 
wr a on A* ft called roraitiV If It ft not bamatopte into 3A\ A curve oniV b colled 
essential if tt dxs net bound a dak ui a Vfcdilus toml. and it ft cot hamotopfc 
to a boundary* opponent of AT. We remark that a bcauntopy* 6x0 each boundary 
of N mcww. Rom now oa. we ixutfldcr arcs and curves which arc 
mi msenttd The ace-curve pn?A AC{N) of iV ft the ^raph 
whose vertex set M1 [U >(S) ft the set of hunntopy cissaa1 of arcs and curves on A 
Two sertico farm on *d<* if they ion be repiocuted by dft)ulut arcs or tuna. l*hr 
m: vrunk ,4{A'l of A* ft the eubciaph Induicd un the vcxtfcm that are 


un the 
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dM rfiiacflA’. The ennr C(A’) r.f Vat^ subgraph Induced on the 
fWtten that ate hmuotopy d*t»cs of cures on A'. 

Wb set the Usgth of each cliff in AC(Xy 4(iV), and C(S) to bn L Wc define 
the distance* d *(. >♦ <W. >. and dc< . j Ln AC{N). A[S). and C(X) «wpictlvtiy 
by the minimal length of sequence* of edge* connecting the two vwuro Now. we 
icnskl* -4C(A’». w4(*V), and C(iV>. a* go>J« spsce* 

Two acci a. 4 far two curve* a. 6) an V arc In iiawmj poMtSiW If the iiuehet 
of inter sevtlnn* between a and A Is minimal in the Lxnrtapy cUmm of a ami t 

Proposition 2.1. Tuv ora a. 6 on A' arc tu swumf pMtiio* i/ and -ni> ^ a 
«af A inferseer Crwutttfttfy nod they do uoi form say kfans ft e. on cmArdied 
dul on A to«ui*d Ay a swkrc of a and a inAirr of A.) or any ha^on* fit 
«* eiwirdded dub on .V toward by a evWre of a. a #%W»c o/ b. a*d * turf u/ * 
kut)da»v component o/ *Vj. 

We use the following proposition to prove Propmltlungn 

Proposition 2.2. <{71} Proposition 2.1]) Let N be o Jtmwth. nonunenfidfe. txwv 
joci esr/acr. and a and A etsr.nbaf oun*i an iV The* a and A are in minwvW 
foidion </ and on/> i/a and 6 do rud /anti a bfyoa. 


AVvo/ of /^vsonfian rrTl If a and b bound hlROin ca half-bgrm*. then we can reduce 
internee tra points by a hnmotopy through Up ins <e holi-ktgnc* 

Canversdy. *uppa*t that two arcs a And 6 on A* arc m>t in minimal pasitiou. 
Wn collect the bnumiary (ompnnrau which have endpoints cd a and 6 in ana ok 
by a hiiauxannrphian preserving inter wctlms ietween a and l*. We make a mirror 
surface A" cd A icc the aide which have endpoints of a ami 6. and assume 
' aid P arc arcs on A" ccsTcspcmiing to a and 6 on *V respectively Not* 
' and l arc not in mini real poitLkm since a and l* arc not in minimal position. 
Wo Attach each koumiAry ocapantnt cd *V’ which Las the endpoints of a' and A* to 
the itdccUw part of N. and kt Af be the resulting surface. Then sud and AuP 
ut essential cures and not In minimal position on Af. By Proposition fT?! a Utf 
buff fc*m hlgons. Rom the assumptkm that A’ and A ,# are mirror rcfittUve 
ah other, we have the ioikrwlug two coses. One is that a and b form 
on Af and a' and tf aba farm blgan* on A” at the rr.dn.uve porta Thu cither 
s that a w s' and 6u6' kem bgc cm ou M which me mime reductive fur attached 
puts. The formes implies that a aid A farm btgoa* on A, And the latter lrnpbes 
and b form hAlf-hlgnus on X % m desired D 


2 Uxtcun* rA-ms 

of orientubio suxfsca to nuo-arlenlabie surfaces 

In this paper, we dciotc icy <w J 4 the suture of a whise endpoints are o and o' 

Definition 2.1. Let a And b he two Arcs on A which air in minimal position, and 
let a and # be one of the cmdpctiits cd a and b uwpcctlvely Oaxwe r f u i"i b. 
Let o' b a ffubarr of a v'Uw. endpoints are a and ». and A / a suharr of b whose 
endpUnts ate ^ and s. If ✓ U P is an embodied arc uu A. we say that o' u P u a 
uuiorn arc sblanaed u“. & and r. 


A unirrsn arc is uniqwlv determined by t, although rwrt *11 inlessnctinn polm* 
a and 4 determine uuhcxn arts since tha resulting mu may nut bo tmbal- 
tfed ca A\ 

Note that a' U V is *i essential mu ludwiL if a* U P Is nut essential. that is. if 
a'utf 1* homotcpdc into * b:uxiarv component of S. this* a and 4 form * half-bigao. 
1’lUs ciui trail it* tbc **mnipcica that a aud 4 arc in minimal position. 


Definition 3.2. L« •*UA\ a"u A" be two uulccen aru obtained freon a* aud i*. 
whan a\a* C o and tAA* C A We dchuc a’uF £ a" UP by a* C o' and b' C A 1 *. 


Lemma 3.3. TAr relate* < u a fafal anfc* 


Prtof We have o’Lfi' < o'Ltf awn a* C d' and A' C P. Suppose that ujubj < O3L1A3 
and u a u bj < a, L 6j. Then a, C a^ C a l and A 4 C 6, C A J( and so It follows that 
U1U61 < djU6i. Suppceethat ojUAi < o a u63 m.i a 2 J>/j < di^Ai lion we have 
a a C ai oxkUi C Aj. ami di C a a and 4j C A;. Therefore dj uAi - o a u6a . For 
vtoorn ores Cl and 09 obtained from a° and >/. set <* - di U Ai ami e 2 - <*a U 63, 
&nee both 61 ami da (Detain a. « have ttd/f Oi C dj or d) C dj. We assume 
that at C da. and take (Tj v aH6 suit that di — Then m d l«2. flier cj is an 
embedded arc firm* Aj is contained in one of the comp*(nenu <rf 6 |»j) for the 

icxmct.’nrdfiAS of Aa. Since 61 is ox* of the camp>netilj of 4 - (»i) which his a and 
As ha* a. we get t] C 4s Hence cj < d. and go thr iciaUou <Ua total uidcr D 

Let (ei.es.c*-i) be the ordered set of ail uaktini mu obtained fam a" and 


Definition 3.4. We call the sequence ?{**,&) - (« - ,<fc.i,c» - 4) 

the ttfueern fOtA betron a* aid if. 


Thm. wr have a natural quest tau similar to that uf the case uf urtastabk surface* 
whether a unicorn path becomes a path in A(S) ce mrt Wn can show 

die fe&jwiug; 


Proposition 3.6. Conaectoftt* arts m a umcoiti jaiA rryoraJ adpumt icrttici 

«MW* 


Prtvf. Lit C4 - <t J V (2 £ I < a 1) and 5 i d r n 4\ We Ukraine that s' is 
the point in fo a*) n 4 which to nearest to a afeng o of the points determine*; a 
uzdeorn arc Therefore, the Intern*tinn point .< dctmnlnu the unicorn arc c^.j. 
The link*am arc q (fens not pa&s any pcenta between * and t' id 4 i'i A, otherwise 
the point becomes the next point drtcjiulnxxi* the uulcom arc next to c* and this 
ccdiiroiikitj the asiumptxdi of r\ Thus. C4 and c«.i do noc intersect between n and 
s'. Further mo 1 c. thae exists an arc huinntopic to which la d*)otut from q.i. 
Inired. it to tuft dent to choose the n«rfd»(irhood erf d' me intersocting £4-1 «ten 
C4 turns nC f. and the ncigUceteeei erf 6' zee Intersecting o,_i at ir\ For I - 1. n. 
the feet that c 4 -i nmi c« form an edge folhm slmliu))' □ 


Especially, we deduce that all arc graphs are counoctcd by the existen c e oC 
ersn paths. 


Corollary 3.6. A(*V) is connected 

Lemma 3.7. (cl [T] Lemma 13)} Ut u. 6. end d U thnv arm on S %\VscA art 
uiutwdJv m lumimuJ p*nt*n. and Iri a. j. ami d Ac oor 0/ tAr end^unfs u. A. 


*Ud. F<* tthct r(o\A*) f ***** C* * T{ or^Ju^.d 1 ). j*cA /hot e ( 
c* rr^rwnt *<taunl trrtictj of A(S). 

Pn*sf. Foe any i! * Via*. A*), kt— o'UlA U end — G. tbm w* takec* — it Wbdi 
Old ft $. w* Aaramt that ^ u thr maximal ashore nf .1 with ndpulrJ A »br*v 
tnlurVJr Is disjunct hone 1 ; and it Is the ixh-a endpulut U d Ihu* if - TTj Iki 
a c «' ar a t A\ and witbuut lust of csoerolitv. wv tun assume that o c By 
taking r* - ttt.jTTj. we sr* that c* aid « represent ad)*r«mt vnrtiem c/.4(iV) □ 

Nut* that c and d Buy nut be lu mining) p01XM 

Lemma 3 . 9 . (c L [T: Lemma 14 |) Ui u, 6, *ud dt* lAnr mie* im .V %%WA art 
tuurWJv «* iMintmal ymtam. mid Irt a. fi. uud J Ac ooe 0 / lAc endpwenCs vf a. 6. 
W d Then there nul e 1 1 r 1 C F(4* rf*), and c 3 < P(d i ,*PJ surA 

thut^ mniL J <1 +$,*.!- l.XJ) repftscnf lul^ucaf trrtx** u/ A(N). 

PrMif. FUst. suppose that tw of a. h. if an dajuint. Withjut loo uf gwaolUy. 
we nan mmzdc that a and A axe d*)oint Lri S - 77 j he the Buximol suhorc .i d 
whiter liMluc U disjoint 6 *.ax aUh. Them ft u c* c 1 A. and h«e »v auuae that 
f C a It l» flafiktanl to take i J - a, i J - A. axul e* - u1HT Q . Othwwtsc. that 
to. when my tw\> crf a. A. d totes sort tiinswrady. tor any unlearn arc c* t T*(a°.A^) 
(0 £ 1 < n l). Uaiot* by 4 - w & 4 the subasc of d wtott Interfca Is disjoint (row 
C4 Sot r 4 - a 4 u A,. Then r» < ii« nr «» *: 4 * 11 a* wo sasume that r 4 c a*. In 
the 1100c 6*»i and the interior of d 4 are uA duMont, let c be the lnUrsocUou 

posit U-r*xxn <i 4 and twi which U ckoest to ^ alou^ d. Then ax take e* - c4, 
c 3 — E?! aTT^. and r 1 — 4e ld u T7T*. In the tase wheic h*>i and the lntaxe of 4« 
an- disjoint, let o bo the Interaction pc4nt between (d LntU)) and Qfi which Is 
nearest to r 4 along d. where lnt<d«) ks the Ictcror of d, If a i then we go 
tach to the beginning of ths proof changing 1 to 1 + 1. since wc can rot take three 
arm fcatieh’ the statement of Lcminafm If a c A ui . then let it bo the intersection 
peon between 0T4 and o t which la ckwest to o along 4. Then we take c 1 — eig, 
c!* - l&g UoTrf. aid c 3 - u^ 7 Tr 4 Finally, we haw to consider the cate whore 
(d lnt(d«)) riC|*i la empty. Let r' be the Interaction point between d and 04 
which is closest to a okeg a Then we taker 1 - e^t, c 3 - d and c 1 - Tr’^ue’a*. 
and so we are dcsxe. D 

We now per cm* that unlccen paths are Ln^wrlant unda taki n g suhpalhs, up to cme 
o CT yttan. 

Lemma 3 . 9 . (c£ (T) Lemma 3.6]) Far eixr* 0 < 1 < ) < n. euAer F(cf.c^) u a 
sntfkiih q/f>(a<\b>). s* Cg r reprtseor adfixeet* serf arcs o/^(N) %Aen > - < ♦ 2 . 

Befnrv we pew Lcnusgf 7 H w* need the Jalkfwiug. 

Sablcuuna 3.10. (d JT) Sohlcmma 3hjJ Lti cm and a' he iAe endpceotj <s fa. Ut 
C-C.. 1 C fHa a Ml tahicA maws fAai c - a'uf/ ut/h the wfersce </a f du>>o%f 
/rvai A. 1*1 ? tc f Ar arc hewsalOfiC fe c oifainni Ay Acmefcpywty o # sli^ly o^f a 
m tVe ilireclica t^oord ^ ae lAar a'Hf-A. JYitn niAer i and 0 arr in 
;osi/ii>n. ar rAey found cjocfJy oor hoffd^oo thovo in FlyareQ^lAr sAadrd re^wn 
u AV* Aaff Asyas.;, /a t Uf aiir, a^cr hcwlopymy ^ thtowyA rhif hoffdsyoo fo ?. 
tAr arvj f and a are akaidy in m«ima/ p>Mti ial 


FlcUUft 2 The only pnoslhie Lah-U^ao Utwn f and a. 


fVw/ t»/ 5tt&kmwv« r"771 Ltt ft fc« tin! cudpjint of t concspoidiuu to o cd c. When 
aid o are not in manual pecatxa, c and o bound c* half-b^axa. If i and a 
uxind a Li;u. thru a and i also Lc<iid the bl$oo. lias ccctrudlcU the assumption 
that «i uud I Are in minln-sl pcoltlca Tbtrefare. £ and a do x*r» bound any Ugnu* 
bo: a half-kctfoa if a". where t C * and o* C a' Let r" - f' fl o'* The redpnlnt 
j( if which Is dW*t from *' a d. Indeed, wuuiuc that the cndpxut cf ? l* 3. 
Then o aixl A tan a htif-Ugnn unii* 4, one of the endpoint* of a. uni ^ ( a Ok 
rtU. iLCXiudlcta the as«mpUou that a and t aic m mimial pcaiticei On the other 
E-snd. the endpoint nf o y which is distinct frem r' is o'. Indreii. assume that the 
c&dpUat of a" Is o. The* i> - TTF* and o* - ‘Fa. farm a Lalf-bl$aa and* € «r* U 
in a*. Hence, a and A farm a ketfou. and this contradict* the assumption 
id 6 are In minimal pcoXx* The interior nf of a (ii*x*int from A, since the 
of o' is dis)oiut from t. aid since a and 6 are lu minimal pctfitxm. Mai cover. 
t and s' arc ccasecutive Intcracctttes point* with a an 6 Hence, i and 
anally oa hah-biroii shown In Figure [2] 


Let \T he the competent cf 6 (F) ccntalmn* 4. that a. set If - F?,. Let r 
te on uic obtained fiam c v u 6" by homotopylng it sivhtiy ofl o” in the direction 
coward 4 Since the endpoint <rf a" which is distinct been t' * o' and the interior 
af a* a disjoint horn h the condition of t is the same on that of f. AppI>T** to t 
che some arguina* an to f. but with the endpoint of o tuurchanjcai. It falfaws that 
rather c and a are in mining) petition, nr they bound exactly nne half-bfgcei ffo*'. 
whan £? C * ami o m C a In the latter c mc. we *et o' C o*\ In puitkubu w e a**'. 
This contradict* the fact that the Intesx* of of* should be disjoint from h Since r 
iiul .V arc consecutive mtcrsccttou points with a ca fr. £ Is hamotoplc to l . and so 
' and ^ are representatives of the same ekrncnl In as doslre.l D 


Prt^f i*/ IcmtiifT!! We can •u.ume that i - II and j - n i. Hence. . 4 - 00-0 
and ^ - c* - b We act Cj - «^U F (- where o' and IS aic sufcarcs of o 
and i. Then ^ see that o' lattice!* V only onto a t lu e ndpoint s distinct from a. 
Lit l be the arc obtained hem c, as m Sublrmma fTTl and fl* the othc* mdpnlnt 
of h WV note that the p>aOs of o n b on sF, do uut tlsUnulna any mauu aic* 
obtalBj'l from of and if 















When i and a ore Hi lumir.al pctftxa, the points of (inA) - (t) dstmainlim 
uneuru sits lu P(o a , (P) *l\« oil uuli£*n sns in P(a“. f*). same a n* Is caiuoiatf 
with {4 077,1 - |||}. Hence. in its* LM. r(4,^.j) luc inure a subpuih uf 
P(u-V). 

Suppose that i* acd a arc r*A In minimal pMttArm. Lot f. be the arc from Sub- 
U'luiiut fTTTTT fajdi is hoeocoptc to c, aud in minims! posUlcm wllh u Lt< r' be 
the poll c^anl W7th the same setting a* lu SuUetumd fTTTl Let a" - o7 4 slid 
tT - 77*. W* a* 4* - a S U p^that4*andA v lnlrts«tcyutsklr^e / TLe 
points uf («OA) (c.iK) iklarmtitog unicorn sits lu P(u°. t/ 1 ) all uukuru sics 
in rta 0 .^). stiec a Of Is aMncldenl with (a n**H) in'). Hence. In this cn»c. 

P(<*.<5-i) ^<oa«s«ibpotii<rfr(a2.U»). Suppose that a* n A — (r*) Then, 
cn — a. ci — aT*, U C£,. cj - fTT. J w£f t . aud c* — l sic aU unkoni sits obtained 
fr«*e» a* and fr* Then. $<t a - Co and .7 sic d*)nlul Recall that B Is bamot4>plr 
tu cj (now It fedtows that ) - 2 ). llouic. c» and cj itpiocut ad }smc vatlcvs of 
.4/A'). *» desired □ 

Remark 3.11. Slightly abusing the notation. we consider vertices a, A of v4(A’), 
C{N). ami -4C(A^} as axes <* curves a. A cm *V width sit lu minimal paclUuu hum 


4. A»c dufiu af.k LWWOfcMLY MYrcnnouc 

Definition 4.1. We dc£ne thr fc&TWtng family P(a. A) of unicorn paths lo a pair 
uf s entire a, A In A(N). Let (a. A) be an edge In A( A ) »unmi tine u and A Lei ti* 
aud a. be the endpoints of a. snd and d- the cudp^uts uf A. Tlum. we define 

fiM)> 

P(« a *,),*>(«**. *- ).*<«*-.**).P<a*“.)) dnn6^0. 

Proposition 4J2. (cl PJ Propastttou 42)} Let 1/ dr « pcudejtc m .4(.V) At loan 
lertscrs 4 And A. Then a** «ma>rn art c C Pf P(a.A) is a/ dtslanc* £ fi /ram (?. 


We use .N far ibe cot of all natural numbrxs (not Including 0). 

Lemma 4.3. Lei ro.ni_*•% (m < 2*, A r N} Ae a seance V tertka af 

A(N). Then /ar coy P < «o,A) an, c < P. lA^e ejuf 0 £ I < m a*d 
c* C P- c P(i„f* 4l ) sucA CAd! d^(c,c*) < A. 


Pr«o/ n/ i^mmo[7~7| Wc prove this by ludnetlon cd k. SuppM that A - 1. If m - 
i). thrfu P{xa. Ai)^M< x n ^)) ludrti. is U on arc siul 1 U nuuiar ndylilcihood U 
a band, snd than tlore exists on arc whfch Is bsmoUrptr to s 4 ami dU>ant from ro 
If m - 1, then w wt u • s axd *\ - A. li> Piopcsitkxi [HI] fur any P « P(a. A) 
md c, C P. ties uxdrorn arc € P satisfies x ) - 1 < 1 If m - 2. 

dir se set ai - a, ri - d. srnl r a - A We «boo«« one of the endf<enss o*., 
^4- and A> 4. A. asd d By Lcnmis[TT] fur suv c < Pfo°* V*). then* 
e'e P(4*-.d l -)uP(A^* t d , »)i»«biLat^fc,^)-lS2. HdtttAte 
is dune 

Suppose that fot all m < 2*. the statement U Lemma tmis satisfied. Fee any 
-»* < m < 2** 1 aid any sequence n. j s ,.. . ,x« uf vertstn: uf A{ N). mi J» - a, 
rj. - <L and i m - A. By Lemma [TT] far any 7H c P(a.A} and any e «• P|, 
dmie exists t* i P, uP, c P(u.rf) UPfdA). whau V l < P(«.if) and P a « P(dA). 

«C4<c.*0 - I lf ^ i Pi. that by the as*utuptt>n uf the Induction, theit 


Ik - L 



cxart 0 < l < 2 * kod c* t f 4 C P{it. *wh that d A (<f,c m ) < k Thn», we get 
4«(c,0 S *+i If<^< Ps. theuthwe aboe&bt !* < I < m 

and e # < P* r P<* 4 . J»*i) *n*h that 44(4<j < X hr*am* the aoqutxxx erf wtiees 

fg*.r« cuuiUU of Utt. thou Of equal to ! 4 ■♦ 1 utrtxcs of .dfA') and boouuc of 

thfl hjpothetis of the Uuhxttoa lienee. we ** d^foc*) < tbfcrf) ♦ rf.afe'.c*) < 
k + 1 . *u dalral □ 

/Vfo/ n/ PtopwtfMftira * 1 * an arbitrary unicorn path P « P(o,4) Let c « P be 
at nmxliral dkrtaweFlium 0 . jWuiw that 4 > 1 Thu goal of th» proof b to show 
that k < d We take the maximal subpath (o*,^] C V wlikb &lk thrsc oabdltluna 
c « |a\4]. d A fa& r ) < 2 k. and < 2 k Let a and d be one of the rndpolnta 

of a and 6 . By Lemma [H] cfttbcv P(o ,B . A*) became* rubpath [a*. 6 ] of V < P(a.4), 
or a' and V represent adjacent twtua erf -4(A’) ami |a' f 4 r ] - <a.c 4). Fir a, we 
lenskla the latter out By tie condltloui of |«\flf]. w* pvt o' - u and 1 / - 4. 
WVs arc 0 - ( 0 . 6 ). since 0 b 4 ^yxiasc in 4(A) u-aimVo* a and 4. ami a - o' 
and 6 - 1 / represent adjaecnc rcrtxcs of 4fA'). Henur. we get d^(c. 0 » - 1 < 0 . 
Secuud. we constdca the icamtt tore Let 0 " and 6 " be the tloaart vwtkcs in 0 to 
a' and 4* in 4(A). h fciiyw that ^(r/.o*) s' k and <U(IMr) < 4. 

Thm. 


*4(0". £ <*(«*, ■*) + <*(«'.«:) ♦ «L»M') 4 ^(AMT) 

<k*24*2k + 4 

-a 


Lei a'a*. ZIP, and artP he gtrtriarif In 4(A’) connecting o’ and a**. 4* and 4* 
and a** and tr Note that 0*6“ la a «bpath irf 0. It follow* that 

d A { oMO £ d A [tf,a") + <*(i\r) 4 <*(4\^ £4*04 + 4-1*. 

&9pu»c that the length of «'ii"UWUa* l f' la m. WV |tt *11 < Hk. Lot (r t )£a be 
the lequcnce uf the mUo uf oVuIVuflV. whac j 4 b adjacent tu j»*j fut 
<ucL i-O,. , m l. and x 0 - a'. X* - 4 H By Lemma fTTl (c*cC P. there exist* 
0 S < < m such that»U(c.J.) £ tab**!. Par thb x 4 . we claim that rfafuJ.) £ 4. 
Ininrd if x 4 C i?. then d -4 (e.x 4 ) > d^(e.^) - t If *, i $ and r, * oV\ than 
o' ^ o". and ao dA(c,Q*) - 2 k. Thoa. 

^{cx 4 ) £ 4i(ca') - <4U..4t r ) 

^ 2k - 4 - 4. 

If j* / I/* aed x 4 < ^4 V . then wo abo *ct d^(cxg) ^ k. 

Thrtefnre. we 4 < (4%dk). and do k < 6 □ 

Prvo/ m/ AmQ3 Lei T - aW he any gudeik' titanido in ^{ATJ. where a, 
6. and d arc three verUuss <d MS'), by l>auma Q3 far a, 4. and d. there cxltf 
c* f P(fl*.4^), e M t P<b».d*). ami C P(^.a-> such that oich puli icpat^texa 
ad>*£*nl eertka of A{S). Let a4. M. aud do br three tides uf T ouiucUw a and 
k. 6 and d. and d and a in 4(A*). By Prc^wstkm [H] e** to at dbtanre < 0 from 
a6. and < T bum bXh W and do. Hence. ca»i T-criter of T (ace figure Q D 


a 



5. Clive uramis arb uxitormiv UYrnusotJc 

Proposition 5.1. Tbeorcsu 0.1]) JS* cmffcj of cun* of N §M u(#- J)- 
tovnerUd \f a - U. 1. and ♦ n 5).*c*TOrtW i/ n > 2 

By Prepetition fTT! we $«t tl* fallowing 

Corollary 5.2. If $ -l,2W#-fn>5.or^>J. lAcn rAe papA £(*,.«) 
u foCA-c»n*frt<d. 

Wo dofit* a relinllciQ r : A'<A’) -* C(iVj u Siiwi U a < C* ,| (\T). U-ui 
r(«) - o li a f M |I, (.V). tlrfo we uulfix , li.mnduj oa&pooeia ol 4 r<<uU» 
MltlibuiUooil ol 1U ibUui wtib. 0.V lo f(a) (mo P«pu«[g Nut* lUul li Iluuo an 
tm> homdarv camponcsl* of iLe regular within* b*«L thro* duuoc nwellal 
uiui. tliut U. a curve ubkh dc*a not bcmuil a dui ui a Miililu* baud tuui U uut 
h«a<Xup* to a boundary corupoucut of *V (c-f. r 1 . AC{S) » C(S) In 0). 

Tbi dltfcrci** from / la 0 U at fellows; if o la an arr em *V wL*li q \ c * tbiouijh 
aoocaps odd uuuder of Umn. then r(d) Is nvtirtod* (»w tbe Udt-haad side of 
FlinucD 




ouctty ic* cunv* crier m or xok-<uuextaxils 3itxtac»? n 





Lemma S.3. 7lr retnuJmn r u i-Uprthtti. undp. <fc(r<d).r<6)) < 3<U:{^*) 
/ur«y«,6t^<iV). 

PfMif. It U *nnnfc to pi aw that 4.(r(u),r(l)) £ 2 far a.* c AC{N) with 









Cm L If a, b * C*>(N). thim dc(r(*l r(A)) - dc(«, f>) - <U(o. 4) - l < 2. 

a If u C CW(/0 Uiul b < -*<%V). thro w* <*u tohu tlir icvniUi 
of tbs union erf b and the boundary aimpcmearj which havr rod- 
of 4 wuhcut intiwUlng o. Note thoi r{6) cuf uilmUde with a. Tlms- 
fc(pa).p6)) - dc(*. pb)) S i < 2. 

Cm 3 If a,b g ^>(iV). thru there arc eight types erf paint erf a, ft which fill 
f.ar(«.b) * 2 (sew flflurvQ where each clruk i<pitt*rcx* a boundary icotpmumC of 
A’). Net* that thru arc tw cws where a (rwp 4) passes through craastapt odd 
turns. and wbas it passes thresh atMapi cum uuxsixi uf timti. hi 
cm. we u*7 thul pa) (reap. pb)) to tuotri («c the left-hand »*ic of 
Flfturc[S)' and la the Utter uo. we soy that r(a) (rwp r(4)) to wnfansterf (see thr 
right-haud stole ulP^ucQ 
(I) The cm (a, *i)^ (3,1) 

lu the CM <4 (a) in FlfiurvQ r(a) and p6) kac< tsscutal da) u tut turns Shu* 
he genns of A* to at least 1 . we get r(o) * r(4). Haro. dc(r(a).pA)) - 1 < 2. 
lu the cm uf (b) la FlcuirQ lluac me thrtu cum* where birth r(a) anil p6) ari 


HI 




answtoted. pa) la uniwttfed and pb) is twisted, and b*h pa), 

In ail three casts, we take a boundary component a rrf a regular ceu;hlocb»i «i thr 
Bke uf u and b with 9S Urge enough to Intcuaeit neither pa) nur p6). Thm it la 
uiSuirnt to prove that a Is isaadia). It la dear that a bounds J pmiutuied disk on 
tine side. We show that a dees not bound a disk, an annulus. m a Xh&us Lund on 
die other tub*. By a cakulatK* erf the huh* chnroctrxtstts, ww ore that a separate* 
A’ Into <V,i« and .V*If g > 2. then .V f>a> _ 2 is nut a dsl. an annulus, cv a M6blua 
bund. U * - l, then A ’ a to also not a dlik, an annulus, nr a Milhlito land, since 
« £ & IWcfoie.a Ucsa«xialaiulrf 1 (pa).pA» £ df (pa).u)+it(a.r(4)) $ 2 . 
lu the ruse of (c) and <d) m Figure Q pa) and r(4) are our at lal and disjoint 
Note that r(a) ami r(4) may cctndrfe. lienee. dc(pa).pb)) < 1 < 1 

e of (e) in Figure 0 there are fcrni cms where both pal and pb) art 


Lu the 


rvO! 


m 


pb) Is untwisted, 
bcandary tump* meats 


po)ls 

mid both pa) and p6) are twisted let y\ and a be the 
af A’ which have endpoints of a and 4. In the first cm. La both po) and r(4) 
sits untwisted, there me two boundary cauipcmmlJ erf the regular neiibburhuod of 
iU'nU'YlUb. Wc denote by a the outer part erf the ritcuiar nrtgMnwUaP, and by 
o' the nthr* (soc P*gure0 Note that a and a 1 Inter tore neither pa) nor pb). It 
is iutfchin to show that At bust one of a Aid a is awcutlal If a bound* a disk, 
hen wr take o'. The aim a 1 separates *V into A T U j and X s .%-i. If u > 2. then 
AVn-i is not a disk, an annulwi. ce a M^us band. If y - 1 . then .V^.-i to also 
boC a disk an annulus, os a M:biu» Lami. ft* y ♦ n > S. llmrc. o' Is esscnuil If o 
annulus ce a Moblus band, then we take i*>. The asnv it' sifaraic* A' 
Si * and AV„-i* or #ij and mpccthwly By a sUuilar arnuxnart 

Co that erf (h). A^n-2 Is a disk, an annulus, or a hfohlus Lund. \Ve cocsoder 
AV-i.-l- If V 1 £ 2. then A^-i»-i to not a dtok. an annulus, or a Mbhlus band, 
if p - l - l or a then to mx a disk, an annulus, or a hlchsos hand, for 

!»*>&. llcnce o r Is cascntlul. If a doc* not bxxind a disk, an annulus, oc a 
bbduus Laid them we take o. aed so a to ewmllaL In the souind ease. Lc pa) to 
and p6) to twisted, we can show It by a similar argument to that at thr 
in (e) In the thud case. Le. pa) Is twisted and ph) to uniwvted. there 
f thr regular ntlchUxb»i of a Li 'n u yj u 4, and wr 



d*not* II by o It a cuifiiaent to slow that a b mnllol. Thi rant o seporate* 
A' lulu V|j and S 3 -i+-i Dv a fizulUi Artumrat to that u( tin; tint u*« Ui («), 
a ks ca un llol In the last CMt. If both r(a) And r<6) are twisted, we can show It 
by a similar Kiuuuit tu that of the thud case Ui (»). 



Ficvn* 7. n* cose where both r<i) And r<6) ore untwbtod m M 

In the cose of (f) In Flgurc(g there are three caacs wbtfe both r(a) And r<6) ore 
unnrkftni r<o) Is untwisted And r(h) Is twisted. And both r<o) and »<6) Are twisted. 
Let >1 And > 2 be the boundary (cs&ponssA* of iV which have endpoints erf a and 
6 In the first cam. Le. loth r(a) and r<6) are untt'ksUd. there are two boundary 
components erf the regular n«*£dorliooii of au->iU^aoF. Wo denote by a the outer 
part erf the regular neighborhood. and by o' thr nlbcr (a* Figure 0 If a bounds 
a dish, au annulus, or a Modus bard. we take o'. Ihe curve <£ separates jV Into 
A'ni and A^a-it *V M and *V Jt% _ 2 , oc N\* and rwpcetrvely. and so a Is 

(—inlUl If a does rot bound a disk, an annulus, or a Xloblus band, then wo take 
a, wh*h ks essential. In the soennd case. Le. r(a) b untwisted and r{h) Is twisted, 
there U one boundary component erf the regular neigUtorieod erf au^U'rjUl. 
and w« dcoixe ft by o. The curve o separates S into A'u and and so 

a b essential In the Inst esse. Le. both r<a) and f(b) arc twisted, there arc two 
touiidaTY component of the ic^rxlar neighborhood erf a u U ^2 U 6. Wo tabs ant 
of than and denote it by a. Then a ks a non-Mpar Ating curve on S. Therefore, a 



Ftcuux 8. The case where both r(«} and r{6) are untw^led in (f). 

In the esse erf (g) In Fuun Q tbero are throe rases where loth r (a) and rib) are 
untwist *tk r<u) Is untwisted and r(i) Is twbtwi. and t*Xh r<u) and r<6) arc twisted. 








Let > bra boundary cumponrsl of N which has endprents nf o and 6. In llit fixtt 
case. Lt both n'u) and r(4) air untwisted. tiuae axe three boundary cumpuaeats 
of the regular uiighK-s lood nf auy uh We dermic by o x the component which 
mtkmm a, y, and A. and by o* (reap, a>) the luiupuneax whkh lies the inner 
put nf a (rasp A) & Figure [9] Suppose that oj bond* a disk. It la suffloent 
tu show that Oj M essential it »j i» uut essential. (If o a u essential then «i take 
Ol ) When we assume that o* hi tail essential u 2 buuuds either on ouankis ut a 
Mnlutts hand. Than. the curve «n sepuotca iV into either and A r #Jt _i. « Afy 
and .Vi (0 . We can show that N,-i n b aho mil a disk, an annulus, ur a M6blus 
band, afid M oj Is essential When oj bounds an annulus and <»j Is mrt oneutlal 
w con also take an essential curve ui which Is dlsferfut horn bulk r(a) and r(A). 
Suppose that <n bounds a UAfcfcM band and oa la not easodasl Then. »i bounds 
cither an annulus ur a Mohtiu hand, and so the curve ii) u^iusUs S into either 
h\ % and nr k‘ u aed Dy * similar argument to that of third 

case in (e). A* f -i.— i b art a d*k. an onnuhu. nr a Mnhlus band We rccadcr 
Nt-la. If y - 2 > 2. then *V # _ a . Is not a desk, an annul ui. or a hfebius hand. If 
d 2-1, then V,_ a „ b also nrt a dik. on annulus, or a Moluus loud bocause of 
the aswuuiptluu of (y,f») 4 (1.1). If u 2 - 0. then is also as* a dbk. an 

nnhas, c* a Mohius band. since p ♦ n > 5. When O] dr** not bound a dbk. an 
unnufcis. or a MuUua Loud, we tukr oi. 

In thi second ease. le. r(o) b untwisted and r(A) b twisted, throe are two 
hourdarv rcenponcarts of the regular nelghhcrbcvd of a U y U1, ami the regular 
neighborhood ofoUyUAba nun-orient abb surface uf penua 1 «*h 1 boundary 
ccanpomsits Wc da*Ac by oj and o a the boundaries of thb surface which are not 
y. It b sufficient to ahw that, if oj b not essential. then uj U cssewtiaL If oi 
bonds a disk, an annulus, a a Mobiua band, then oj bounds AYa ntd A* f _i.*, 
AY» oed V # .i»- 1 . or A’ w and A’*-*.. We get a b essential In the third case. 
Le both rVii and r(4) ore twbUd. throe U cce bradary rcopnnmt of the regular 
neighborhood ofauyub(w denote it by o). and the regular neighb^kxd of 

a bounds Axa nnd *Vj_ a ^. afid so a Is eascnuil 



Fiut/ns 9. The case wheat both r(o) and r(A) are untwbtrd in (g). 

In the case uf (h) ta Fleur iQ tbrae are three cases where birth r i» and r<6> are 
uutwbtetl r<u) Is untwisted and r(A) Is twbted. and fcxrth r<u) afid r<6) are twisted. 


STMACZS II 


Let f hr a boundary component of V which has eo dp.cn ta of o acd 6. In thr hist 
oum, Lc bXL r(«) and p6) ur untwislai. (be regular neighborhood of oUy J6 b 
twe bold torus. and r(o) and pk) Intersect caxt i lifter the oamplcment of r(o) 
and r(4) b a trxv bid duk. And thm we tun take on uumd curve which goes 
around the twice bold .Li In the oerood cm. Li po) b unmud and r(4) b 
tntod. it b enough to c tk u some uguuuait as we guv* In thr third otic of (g). 
In the thud owe. he. Loth pa) and p6) ur twisted. It b enough to 0 V* the aunt 
argument os wr gave in the sreond cm of (g). 

In the cmm id (c). (f). (g). and (h). tb at b an cisnAid curve » which b tuttnact 
uuth« pa) nor r<6). Tbcrefoir*. 4e<p«) f r(«) < dc(r(«>,a) 4 4c<<hp«) < 2 

<« The ««(*•)-0,1) 

By the argument menilnuni obem U u enough to dbraai only tbe rare of (g> 

If both pa) and r<4) are untwisted uni »n liouzuht a MobJus band, then oj 
touidi a MnhUs bud uul o, also bounds a Mobtii hand, since (*n) - (a, 1). 
W* take a cun* which through a ktohluf hunt ami this curve l* essential and 
tntersecta neither r(a) air pk). If r(a) b untwisted. r(6) b twbtnl. and a x L/unds 
a MoLus Lind then ., 3 Lunds Mu and a Moblu* baniL since (g. n) - (3,1). 
W* take tbe tune wh*h posses tluuufth tbe Mbblus band in the cxUrloc uf the 
rnodar neighborhood of ou^uh If both r(a) and p6) ue twilted and cn bounds 
a kbttius band, then cn nbo bounds *V Jfl . since (^.n) - (3.1) We take tbe curw 
which passes through the Mobiw band In tbe extern of the regular neighborhood 
of aUyu A In (2). tb at * an c a un tlal curve a which b Inter a* l neither pa) nor 
r(4). Therefore. dc(pa).pM) £ dr(pa).a) + 4:(a.pA)) £ 2. 

(I) and (2) imply that r is a 2-Lpschltt retraction d a.A € .4 W (N). and we 
complete the proof of Lemma fT31 D 


Proposition 5.4. 1/9 - 1,2 and 9 n > ft. se 9 > 3, fhen AC{N) u Mixerled. 

Pne/. If a. k « CW(Af) t then there exists an edgo-poth connecting a and A in C(N) 
free* the Mfumptea that 0 - 1.2 and 9 ♦ a > & c* * > 3 We consider it as an 
oix^path In AC(N). If a. A t A w ( iV). the* we connect 0 and k by a unitcen path 
in U(iV). and consider it as an edge-path in AC(tf) Therefore. it u enough to 
tensidtf tbe case where a ( and k i ). 

Laui C^(AT). Wc take an appropriate boundary competent o' of the 
regular neighborhood of a. and wc ronnect o' and a boundary' ccanponna of V by 
ou uc f which doc* zee Intersect a. Then tbe products n • b a peopaly 

ranbeddni arc which is ifcsyolnt from a. Hence, we can connect the vntxn o and 
f,. a' • f,-' by u> *l&lu AC(S). Ou Uw oiha U&l. A m (N), w» 

maiml n in q.a'.q- 1 Ui A(N) by » uuIic«ij p»lb id /’(q.a'.’r 1 -*) Thudiit wt 
c*u i-nnunl au aiUuny a t C™(S) ut oihlumy 4 < ^’{.V) by ad Pilgr-palh 
in AC(N). D 

Now, we give a proof cd Thr«rom[Q 

Priv/ n/ Ttaroot O First we raome that dN + <1 Wr take any good«* triangle 
T - uW H Cl0pA r ), wh«o a. 6,d i C'Wf.V). Let a. 4. and i t >tC«»(iV) be three 
uis whkib arc oduccut to e. 6. uul d m itwpccUvvly we chocae one of the 

endpoints a, fi, and d of A, t and J Now wr prove the following proposition 


Proposition 5J1. Ut a, b Kt Mrttoe* *JC(N), tfU A. h wrti etj oj A (AT) uWA 
*r tv a. I. rtijKitiwfn Ut tl — ut U a prafenc wunmCUif a a*4 6 m 

C{N] Thru, uov »iumn» .in i!< V < P(d, l| u M 4ofa*.« <8 /n^n t) 

Pna/. Fl» mi ubiu my nuUim pMh P > P<a.l). Let C <V be >1 muxUual dlrtarn* 
i bam (/ Auuar llul t > I Similarly lo the (uoal at 1-iv.^aiitiiim mr ukr tlx 
nuian.l milipalh (S'. A"| . P wluii bib tlx auubtkoa 11 (■'.P), < 2lt, 

anil «t*r|&\F) <2*. Let a' uiui I" be the cb»W wrtko of S to ff -mi V In 

A-(.V| 

•Ue(«".V) S <ar(°".A') f <*<*', C) ♦ djcfcf) + •Urtf'.n 
+ + Ik+ k 

-fl* 


Let [a".4rTc to the lubpath erf Q txumcvtlui a" ami 6". By I he lx*i|udlty 
Ur(«",h"1 < 6 ^ LrmxuaET] the length nf Ji'W'lg In C(N) b at xurt 12k Ut 
iV ami 4*5’ he oodesks In JC{S) <.mn*ctlmi a' ami ami IT ami J'. Then 
Ur(«B\ a"} < k ami 4jc < k. The length nf d'a* u Ja'\i 4# |gUft'’fc la at most 
UL Ut (x.JTU to tUaequmcenfthe wUuw of »V U (a*. **>.-U «/*?. wh«e x. 

s adjacent to x*+i to c&miIi i - 0 .m 1 . Ai*i xo - a’. i m - l* Then, we get 

m £ Ufc. lurthirr^ic. to any i - 1_, ra 1. there cxbtt a vertex TT c -4 ,0, <A’) 

which b ad>sc<ex to both i k and x**i or oqual to either x, or x**i. V\Vs set T7T - 3* 
AndT^r — a. Then (tt]^, b a sequence erf wt*e*of 4 (jV). where m £ 14k. By 
L«nma[Q to l C P(3*°.&*), there exist 0 £ i < m and c* i V k /\r?. Jm) 
iul that d^rff.C*) < [kg* 14fc|. Note that all unborn axes erf utxorn paths In 
PW.Trrrj Ate dUKAnt freon x^i- 
Thm. nxj net 

< dA:{d.c*) ^ 4ie(<r,«»+i) 

< <4(3.0 

SlkcMAfl^I. 

fbr thb x»*i » claim that 4*l) ^ ^ Indeed, if x.*i < 

[a^.A^ly C 0. then > <ae&$) - k. If x»*i < [a^.A^lp and x^i C 

l r a H . thm <Ur(3. - 2k. aince .V / A Thus 

<4c(3,x^i) ><Ur(3.a r ) -sUr(^.3) 

>2k - *-k. 


If Xi*i f [sT.Oa And x,4i i IT&\ them w* oko <rt ^(c^) ^ A. 

Thrtefnrc. «v^ct k< fk^ Ukl 1. ami ao k < ft. □ 

Now, we go back to the proof d TheoremO Ut oi U the xnle erf T connecting 
a ami & in Cf*V) From LemmaFHfl th«c csibt cal < T'fa 0 .!^). t P(V.f), 
and r fl°) such that each pan represemU adjsccni vertices erf ^4(N) By 
I^L^uaucm pT| the vertex c d j of AC(S) U a fUwtar of T. In piftkuUr. o** b 
at rfbUncc < A from a vcrbix of ^ - at. which ia a curve fare Figure fTTT} We 
conned thb vertex with c# by a gcodacc in -4L’(.V) ami call tU nimiinodUte 
wxtnxs c 4 . Now. we avatar that the worst ease, that b, the case where there are 
eight of them. We complex .. .,r(c»). where r b the retiaction deftnod 

at tine UgiunliAg of Sc«ic* Q By Lemma the dbtame htftwwn r{cu) and 


r(c*) b ax moit 2. and tl* distance l^wn r^c 4 ) and r{<t+ l ) foe auh » - 1,. . 0 
b okc a: moit 2. Since the vertical on ore tunw. r(c T ) U adjacent to r^c 1 ) 
(•at Cose* 1 And 2 In the proof erf L«uma O lime. 4(r(«tf).r(c*)) < IT, 
il) a siinilai argument to thu our fc* 0 - ot> and c^. we pit »fc<r(e u 1. &rf> < 15 
and 4cMffe)t *i») S' 15. where U and .in axe the snid of 7 connecting S and d. 
and d and a. Scnto 4c(Kcas).'(<u» < 2 and dcW<*).rI*/i)) £ 2. the vertex 
rfiji) € C™(N) becomes a l7-«ntci of the triangle T lu C(S). 


'l 



Secondly. w® n&sumc that dS - f Note that S Lu a negative Eu \n charac- 
twtstx. since tic gents of V u at Wait 3. Let 77 be a surface obtained from A’ 
by removing an open disk In this proof, w derate by <fc(X|( .*) And *i C i77‘i ( • ) 
the distan c es in C( N) aid C(fy. We dc£ne a re ti act ton Ret. > £(A’) as 

tUkm. fct any a c CfiV). Retfa) b a hoeocapy cLua of o in C(*V). ILen Ret 
b LLipselnu We also d t±ut a soctlnn See. C{ A’) -♦ C(N) as follow* Choose a 
hyperbola: metric on jV Fox any o e C(N), we take a geodm (now w* cal It 
o) as the representative erf a. l’bcu remote y i N \ Uaaa c a* where cadi c\ b a 
OtxxialL cm *V. Identify *V (p[ with T. and cceu^Jtr Scc<ol asoexT Note that 
the ivn|»oslilnu ftafeStt b identity on C*(*V). 

Let T - oW he any geodesic triangle lu C(A r ). where u. b. and J axe vurt*m of 
CT(AT>. Since Sec Is an embedding xiiAp, Scc(71 - T has a 17-emitei q « C^flT} lu 







f|T| Let oA. M, ami .iu be thr riToxwrtw a anti A, A ami <f, ami «i uni 
u ft C(N). Then. tc ab. m irK 

^(fetfe),**) -^(**<*>,<11*•8^<a))(IUt *6oc<ft))) 

<4^( f ,S«(«)8ic(A)) 

<17, 

whan (IU*oS<x<a)UR*t*Sc*(A)) u a wxxksh: in t'<A r ) cu»x*itU* lUf»Socfa> iutl 
Ilet/vS«(4). ami $e*<a)S«<b) to a *eod«ir in C(N) cannating S«(*> and S«(A). 
Ft* W ami do. we can ikw the mizu* icsato that we »i*jweti fur ab lUuit. Ket(.f) 
to* 17.cen*snf TinC(N). D 

: Amc-cvvvx unArict aiik ••MrviiMLr Kmnauuc 



Flcimfi IX oULmaq 5*cnUr in AT(A’) (a c ^‘(N). h <f c A [X »(N)). 


fVfttf 0 / TtoimQ MV **od«K txi*c#ks f - *4d in «4C(JV), where a, 4, 
ami d ate mixes of ^(*V). 

If d.M f -4 ,l °(iV). then r Lifi a T^rtla in .4(*V) by Th««m O Hmm T 
Lu * In AC{tf). 

If a. b. d t? t'M( AT). then T Lu a ikMa lu AC(S) by the |uoof of ThoaiemO] 





SV&fAOLS II 


If a « C*HN) and A. d i tbf&irtakra « A'*(N) whxh b od)w:«a to 

a lu AC{N). SuulLuty to Propuatfca we emu prove the fcdkwiu# p*opc*lUcm. 

Proportion 0.1. Lt( a be a oerter v/C(*V). 4 a uericr <s/ ), t*rtei 

-4<A') uWA u +bu*nt (aim AC(ff). Ut £ - u<S lc « javfoic ^onneetMiy a 
a-^A in „*?(#)• TAen, an, utiunrn on ttPf P( 4.*) u u! dnfamr < 7 Am £ 

By Loaning for 0.M < -AW|.V) f Uusc exit ,*> C P(l-.A'), •- ?(*.*), 

undent ?(#.a*) lock that tuth pur rcpiocuta wijaasit \crtfct*of A{ A r ). TWn, 
i-d»lni 3-uuittr erfT in AC (*V) by PiopaeUlunO imu FltfUfBDD 

If a, h C C |U, < A’) and ci ». A*m thm T Las ui Center In J£(N) by * clinllur 
or cuiueul tu that of the cue wl*ic a C £!>!(#) mulk.dc 

ftwu ibovv four emu*. AC{ A) U JMiyperbulk:. D 

Final!)'. we prm* TboxemQ 

/Vmj/ m/ Tharem [0 fix any unodaic trlausk T - uUf In AC(£), who* a, 6. and 
dare routt* of 

If i, 6. d < A<»(S). thrti T ha* a 7*«uUr in A<S» by E IWra 1JJ. Ikw T 
Lu a 7-ccnii* In AC{S) 

If a.6,d € then T h<u a Center In AC(S) by the proof nf fT] Therxem 

1 . 1 ]. 

If a r CW(S) and k,rf < <4W(£). then we can ihow that T L*a an Center in 
j4C{S) by the mu argument that we gave lu the pi oof uf Thrown tkt 

nuw tw in the peoerf of ll^orcc. fTl) 

If «,6 c f^(5) and f « ^|W(S) V then T abo has an B-eaXer In ACfS) (k* the 
none look In the proof of l'lesarc n. P~~T> 

ftoan above four com AC(S) b *.hyp*rbck<. □ 

A chnuw lodgement *i The authoi would Ukr to expcisw her antiac gratitude 
tu Elko Km for her ciaom^cinral and Invaluable oral helpful nihttt*. The author 
alio wbh to thank Stuunra liiraie. ibJrio Ulvachi. and Ken lehl OxaLiLi for their 
metliukiui comments and ad via*. 
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